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ON THE STABILITY OF A NONAUTONOMOUS HAMILTONIAN

SYSTEM WITH TWO DEGREES OF FREEDOM
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Stability of the equilibrium position of a nonautonomous Hamiltonian system with two
degrees of freedom is investigatied for the resonant case, The conditions of instability
as well as those of formal stability are obtained,

1, We assume that the coordina.. origin ¢; = p, = 0 corresponds to the position of
equilibrium of the canonical system of differential equations
dg;  oH dp; oH
W =op, At~ dq,
where # is a Hamiltonian function 2n-periodic in ¢ and analytic in the vicinity of the
point¢; = p; =0,
Let the linearized system be stable and all its multipliers be distinct, We assume that
the Hamiltonian in (1.1) is transformed into

H=1Ys)a (1> + p® + /2 ha (922 + p22) + 2 By v (8 41 4, Py Py (1.2)

v=3

(i=1.2) (1.1)

by means of a real linear 2n-periodic canonical transformation [1], In(1.2) + iA; and
4 iA, are the characteristic indices of the linearized system and v; are nonnegative

integers v=wvi+v2+{ v3 -+ V4, hvlvzvav‘ (t + 2“): h‘v‘vtvjv‘ (t)
We also assume that the condition
B+ kohy == O (mod 1) (1.3)
holds for the integers 4, and k, satisfying the equalities | 4|+ | k3| =3 or | k| +
- |ky | = 4. Then there exists [2] an analytic canonical transformation 2x- periodic in
t , reducing the Hamiltonian (1. 2) to the form
H = Mri+ Aoty + lygaort® + lunriry + logeers” + Ol P) (1.4)

(9l=VaP+at+p+ 22 2r,=q¢2+p})

Coefficients ! in (1, 4) are independent of ¢ Let the quadratic form

V{VaV3Vy
; 2
Lyosor1® + luniriry + loges”s

be sign definite in the quadrant r > 0, r, >> 0. Then the position of equilibrium is
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formally stable [1, 3 and 4], This means that for the system (1, 1) there exists a power
series, possibly divergent, , _ G, (i, Pir &) + Gno1 (gis Piy D+ (1.5)

which formally will be a positive definite integral 2x-periodic in 2 In other words, all

coefficients of the power series
Go, Hy, — GpHo, + Go,Hp, — Gy Hy, + G (1.6)

are identically equal to zero and
G, (9, P )0

G (3, p;, )=0

At the same time

only for ¢; = p; =0,

Formal stability implies that retention of terms of arbitrarily high power in v in the
expansion (1, 2) does not lead to detection of the Liapunov instability, Even if trajecto-
ries beginning at the coordinate origin exist, the progress along these trajectories is ex-
tremely slow [3 and 5-8],

In this paper we investigate the stability when condition (1, 3) does not hold for &; > 0.
We assume that condition (1, 3) does not hold for a single pair of nonnegative integers
ki and k, satisfying the condition %; + k, = 3 or k; -+ k; = 4,1, e. we investigate non-
multiple resonances,

Thus we shall consider the following nine resonant cases:

1) 3k = m, (2) 3k, = m, 3) M+2m=m
4 2Mm+ A= m, B) 4M=m, 6) 4dr,=m (1.7
() 2 M+ A)=m, (8) AL+ 3k = m, 9 3Mt+A=m
where m is an integer,
Since the multipliers are assumed distinct, the integral and half-integral values of A;

as well as those satisfying the equation A, A,= 0 (mod1) are not considered, This means
that the stability of (1.1) is studied within the region of stability of the linearized system.

2, We shall first consider the stability in the cases (1)—(4), Applying a real, analytic
transformation 2n-periodic in ¢ (see Sect,4) we can eliminate all third degree terms in
the Hamiltonian (1, 2) other than resonant, In the new variables ¢;* and p;* the Hamil-
tonian becomes H* = Hy* -+ H* 4 0 (| q| %)

Here H,* = oM (1*2 -+ p1*?) + Vahg (¢2*° + p2**), and expressions H ;* for the cases
(1)~-(4) of (1. 7) are

() By =2uj, (97" —391P)") — 200039 (Py” — 3P1 4))
@) Hy=2ugo, (45" — 30,7, — 205005 Py — 3P31,%) @2.1)
@) Hy=—2up,[ar (P — 03 + 2p}0ipy] — 20515 [P) (P — 037) — 2074, P} )
(4) Hy=—2up, [a; (py" — 07") + 25,0, Py 1 — 2050, [Py (P1 — 47)) — 20,01 py]
respectively,
The following notation is introduced in (2,1):
u:mw. =T 0y, 008 ML A Yoropvgm, sin mt, v:wsz. =Yy losmt — 2, sin mt

2n
.

1 .
xv|vzv_‘v. = E S (u“l"z"'a‘h cosmt — v sin mt) dt (2 "))

V1723V o
0
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2n
1 . ) .
Yovn, = }2—“—8‘ (uv‘vzv;,v. sin m¢ 4- 2, vgvay, €OS mt) dt
Expressions for u;,.,z.,av‘ and v;lvgva,,‘ are given in Sect, 4,
For each of the resonant cases (1)~(4) the following theorem holds,
Theorem 2,1, If xf,\,mv‘ + y‘jmvav‘ = 0, the. position of equilibrium is unstable,
We shall prove this for case (1), After the canonical transformation
q,*=p,° sin (A;t —8) 4 ¢,° cos (A;t — 6)
) i=1,2 2.3
p;" = p;° cos(h;t —0) —q,°sin (A;1 —8) ( ) (2.3)

where
Yo030 L0030

=, c05 30 =
v %0020 T Y0030 V Zog30 T Yooz
we obtain the Hamiltonian in the following form which is independent of ¢ up to the
third order terms inclusive:
H® =2 Vs + gt (1°°—30°p1°%) + 0 (1 7 19)
Changing to polar coordinates

sin 30

g° = Vorsing, p°= V2 cosg, (i=1,2) (2.4)
we obtain - _
B =—4V 2@ F ugg)rs Virsin3g +0(|q 9 (2.5)

Using now Chetaev theorem [9] to prove the instability, we take the function V in the

form v = V,V,, where Vi= n® =t Va = ¥V Tcosbpr @ > 2) (2.6)

and define the region V > 0 by (V; > 0, —n/12 < ¢ < /12). At the boundary of this
region either V; or V, is equal to zero and within the region the following equality holds:

rn=pn"?  (0<B<1 (2.7)

We choose the parameter a so, that the derivative of 17 (by virtue of the equations of
motion containing the Hamiltonian (2, 5)), is positive definite in the region 1" > 0,

It can easily be verified that for 2 <a <3
% =6 V 2 (xogao -+ yogao) r‘;‘” {[2a cos 3@, + f1] cos 6@, -+ 3 (1 —B?) X

X [€05 391 + sin 3@; sin 6@ - f21} (2.8)
where f1 and f, become arbitrarily small when r; tends to zero,

In the region V > Owe have cos3¢; > V2/2 and cos3; + sin3q;sinbg; >1.

It therefore follows from (2, 7) and (2. 8) that for sufficiently small | ¢| the function
dV [ dt is positive definite in the region V>C , and by the Chetaev theorem the position
of equilibrium is unstable,

In case (3), applying (2, 3) and (2,4) where we now have

o012 Zoo12

sin3) = ————m———-, cos 30 = "
we obtain V Zoorz T Yoors V Zoo12 T Yooz
Ho=— 4V 2, + ugt)re Vrisin (@1 +202) + 0 (¢ 14 (2.9)

In order to prove the instability, the Chetaev function should be taken in the form
V' = V,V,, where
Vi=r — (rg — 2r)% Vo= r, ¥y cos2 (@1 + 209,) (2 <o <3) (2.10)
and the region V > O should be defined by (V; > 0, —n/4 < ¢ -+ 29, < n/ 4).
Proof of the theorem for the cases (2) and (4) is analogous to that of (1) and (3),
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respectively.
8, Next we shall consider the stability in the cases (5)—(9). Here the transformed
Hamiltonian in polar coordinates has the form
HC = lygper® -+ lunrire + logogrs® — H¥* (ri, @) + H (riy 95, 0) 3.1)

In(3.1) H' = 0 (] g}%) and the function H** for the cases (5)—(9) is, respectively,

) H** = VM;‘G sin 4@y

(6) H** V 0004 - Yoooa 72" SIN Qe

7 H** = VMF}?Q sin 2 (@1 + @) &
8) H** = erg Vrirasin (91 + 3¢2)

9) H** =V 220 + 1,0 %5100 Ysiop "1 ¥ 7arasin (391 + @a)

When bringing the Hamiltonian to the form (3. 1) we assume, that

2 2
levz"ﬂVl + y“l"z"a\u # 0
and in the formulas (2. 3) we have

e
[
S

z Y
. Vi¥giaiy Vi¥avYy
sin 40 = — V—‘}—J;_T—”— , €08 40 = — V‘l—-——;——
x\:,vzvdu + y\;,vevav, 3'cv,vzviv‘ + y\;lvzvgv‘
Formulas for lvmm‘, Tyyvyv, AN Yy, aTe given in Sect. 4,

We introduce the quantities A;. and B;(j = 5,6,7,8,9) for each of the resonant cases
(5)—(9), defining them as follows:

4=V Zoa10 T Yooao » Bs=l:ezo
A5=Vx£m+y0§04, Bo=lpn
A=V 22 v,k 2900 1 Y2300 . Br= lsozo + lant + locen (3.3)
4,=3V3 (1500 + Y1200) » Bg = l:go + 3lum + oeoe
Ay=3 V3( T 300 + Yutno) s By =9Ligo + 3lnu + locee

Theorem 3,1, If the inequalities 4; 5= 0 and 4; > | B; | hold simultaneously, the
position of equilibrium is unstable. If 4; <| B;| and the Hamiltonian includes terms
of up to the fourth order, the equilibrium is stable. If the function H°~ &' is sign defi-
nite, the position of equilibrium is formally stable.

Let us prove the theorem for case (5) To prove the first statement of the theorem
we take the Chetaev function in the form vV = V,V,, where

Vi=r® —r2, V,=recoshaq (a=1+¢g 2<a<3 0<eLl) (4

and define the region ¥V > 0by (V3 > 0,—n/8a < ¢y < n/ 8a).
Within V > 0.we have

) rp=Br*?  (0<B<Y)
and the derivative is

dy
-~ = 4r$13 g(ads cos 4@ + g1) os 4agy + 2 (4 — B2) [A; cos 4e@y — Bj sin 4a; -+

-+ & sin4a®; (A; sin 4@y — Bs) + g:]} (3.5)
where the functions g; and g, are arbitrarily small when r; tends to zero.
Since by definition we have 4, > | B; |, therefore at sufficiently small e the function
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dV | dt will be positive definite in the region V > 0 for sufficiently small [g|- This
proves the statement on instability,

Second statement of the theorem is proved by constructing a Liapunov function for
the truncated system with a Hamiltonian H° — H’, possessing two integrals r, = eonst
and H° — H' = const. This function is taken in the form

W= rt 4 (H — H')? (3.6)

It is easy to verify that the latter is positive definite for 4; < |B;|, therefore the posi-
tion of equilibrium is stable [10],

To prove the last statement of the theorem we apply the transformations described in
Sects, 2 and 4 to the Hamiltonian (1, 2) reducing it formally to a function independent
of ¢+in all orders, Then the expression G = H° will formally be the integral of (1. 1),
provided that it is written out in the initial variables ¢; and p;. We obtain

G= Gy Gy+ .. (Gy = H° — H')

Therefore, if H° — H'is a sign definite function, the position of equilibrium is for-
mally stable.

In case (7) we prove the instability with the aid of Chetaev function V =V,V,, where

M=r" = (=) Vy=rnncsla@t ) (@=1+e 2<a<3,
0< e (3.7)
defining the region V > 0 by (V') > 0,— n/ 4a < @3 + @, < 7t/ 4a). The stability in
case (7) is proved with the aid of the Liapunov function
W= (r—rt+ (H* — H}

In case (8) we can take the function V" in the form V = VI°,, where
Vi=r* — (ry — 3r)% Vy= ryVirirpcosa(gy + 3g,) (a =1 + &2 <a<3,0 < e <)
and define the region V > 0 by (V; > 0, —n/ 2a < ¢1 + 3¢,< 7/ 2a). Function W
in this case can be taken in the form

W= (r, —3r)*+ (H° — H')}?

Consideration of the resonances (6) and (9) is analogous to that of (5) and (8), respec-
tively.

Notes. a)Resonances kihy -+ kghy = 0 (mod 1) for which | k1| + | k3 | > 5 are not
essential for the proof of Theorem 3.1 on formal stability.

b) If the equality =7, . + Yo ey, = © holds in cases (1)—(9), the presence
of a resonance does not obstruct in reduction of the Hamiltonian to the form (1. 4),and
the criterion of formal stability given in Sect. 1 is applicable.

(3.8)

4. Here we give the computational formulas, Let the Hamiltonian in (1, 1) have the
form (1,2). We shall introduce new canonical variables ¢;* and p;* by means of the

following generating function: o e e
S=qp" + @p’+ 2 Syvpgee (1) 11927 P P2
ve=3
Here svipee (2 -+ 201) == Suauewe (2). Let us denote the new Hamiltonian by H* (g;°,
pi*, t)- We have the following identity:
a8 . _ ) s 4
H‘(g;i—,’pi,t)—;H(qi, aqi,t>+ at (4.4)
which yields
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= H,, H* = Hy -} DS, (4.2)
1 9Ss 0Ss 0Hs 0Ss _ 8Hs* 3Ss
— H OHs 085 _
e o gl 7k [( aq > <ap > ] + api. aqi dq 61’;'

Here Hy, Hp* and Sy are homogeneous 4 th degree functions in expansions into the
power series of H, H* and § ,and D denotes the operator

L9 9 / d ) 2
D=M n E 6p1 /+ 2\P. 6(]) — apa° -+ 3t

Let us choose the coefficients s, ,,,,,, such that the function H;* would assume its sim-
plest form, Proceeding to complex conjugate canonic variables
9 =9 +ip", P =q—ip" (k=12
it is easy to show [2] that H* can be eliminated if
By gy = A1 (va — V1) 4 Az (vg — ¥2)
is not an integer, Simple manipulation yields the following expressions for the coeffici-

ents s : —ur i —
vvvanid  Sos00 = Ugges T o102 Soro2 = 0102
" w

” ”

" "
- 3“0003’ 50201 = o102 + 3%0003

” ,,
So003 = Yo102 — Pogozr  S3o000 ™ oo“o + “xozo' $1020 == Y1020 — 3%0p30°
$2010 = Y1020 T 3Yg030:  So030 = ”m‘zo Poosor  F1002 ™ Y0111 — %0012 — Y0210

S =Uu == =
1200 = %0013 + ¥ga10 T ¥o1110  Sop10 = Pornr T Yoor2 + Posrer  Sornr = 2 (%4310 — %g012)

So012 = Vo111 — ”0812 - ”o;mv $3101 =2 (”0;12 - vo;m)
So120 = ul”gll - “0(’)'21 - “2(’;01, Sg100 = “0321 - "2(')’01 + “1;11 (4.3)
89001 = Y3011 T ”0(’)'21 + ”2801’ So021 = z’1(')’11 - l’ogzl - ”2(,;01
S1o1 =2 (u2001 0(’;21)’ S1110 = 2 (”0321 - ”Qc’;oJ
u‘w,va v, == & (t)sin LI 4+ f(t)cos @y pgnd (4.4
Vyvpie, =8 (t)cosa, ,  E—f(f)sina, ¢ ?
g(t)=ctgma,, . 11(2n)+ Iz (21)— 21, (2)
, 1O =hEr)—cgna,,,, I (2m) — 26 (1) (%)
()= S (uv:vmv‘ cosa,, z—v, . sina,,.  r)ds
N . (4.6)
()= S (uv,v,vsv‘ sina, ., .= =+ Vv, €08 avm‘lqux) dz
0
Uoges = Y8 (g0 — g109). ”m;os = /s (Ag901 — Po0s)
“oioz =Yg (hg109 + 3hgg00)s ”01'02 = /3 (Rga01 + 3hgges)
Uog50 = 118 (000 — 190, vO(;SO =(hy910 — Pgo30)
"u;zo =15 (P 1990 + 3P3000): ”1(;20 =1/8(Rgg19 + 3hgyg) (4.7)

“o;u = alhy900 + P10p), ”o;n = Ya(hgg15 + Roa10)
“01;12 = 8 (hy300 — P1000 — Po112)- vot;m =8 (hog10 — Pop1e T 1101
“02'10 =1s (%1200 — 1002 + %0111 ”0;10 =8 (Rgg10 — Pgo12 — P1101)
“1(;11 =14 (hy100 + Pg190); _’iu'm =14 (hyg91 1 Bgge1)
Uogz1 = s (Ray00 — o120 — Pr011): ”0821 = s (Rag01 — o021 + P1110)
"2&01 =8 (hy100 — Por20 + P01 ”2(;01 = /s (Ry901 = Pooz1 — P1110)
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But if a,,, ., = m (m is an integer), then the function H,* cannot be made to vanish
identically, It can however be reduced to a normal form, reflecting the resonant char-
acter of the problem, In Sect, 2, the transformed function is given for particular cases
of the resonance a,, ., = m.

Function H,* can be simplified in a similar manner, Coefficients of the normal form

required in the investigation of stability in the resonant cases (5)—(9) are
2n

1 * * *
Lango = 4 S(haoeo -+ 3hgg40 + 3hy00) A
1 T 0
=37 S(hzzm + Roge0 + Pagos 1 Roona) 4 (4.8}
10 2n
L * *
10202 =4n S(hozog + 3hpgqq + Shggqe) dt
s

Coefficients z,,,., and ¥,,.,, are obtained from (2, 2), where we must set
u(;UAO = (hgom 4+ 000 — Maa0)» Zogs0 = 12 (h::om — hyg)
“;)004 =1 (hgom + kt;ms; - kgzoz)! ”:)004 = (h;301 - }‘;103)
“;300 =1 (h;aoo + h;ol:} - h;loz - h;zu)’ U;:xou =1 (k;m +
+ h;003 = h(;310 - h;201)* u.;wo =1 (h:IOU -+ h;o-?l - hImo — h;on) (4.9)

P100 = Y2 (igq1 + Boggo — Pyyo — Rooot)  inoo = Ve (Figeg +-
+ hgzoo - k;no - h;ooz - h;m)v Vaagp = /2 (h(:m + h;om - h;no - h;m)

Here &*, , . are the coefficients accompanying the corresponding powers in H* com-
puted according to the formula (4, 2),

In conclusion we note certain inaccuracies which appeared in [11] in the proof of
instability, Derivatives of the functions (2. 8) and (3, 8) of this paper can assume nega-
tive values near the boundaries of the corresponding regions ¥ > 0 and, consequently,
need not be positive definite in these regions, For w; = 20, and @; = 3w, , the value
of V used in the present paper in the cases (3) and (8) , respectively, should be adopted,
and for @, = 3w, in the condition of instability the sign > should be replaced by >>.

Thanks are due to A, L, Kunitsyn and Iu, A, Sadov who kindly drew my attention to
the above inaccuracies,
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CONCERNING SOME SPACECRAFT CONVERGENCE CONTROL LAWS

PMM Vol. 33, N3, 1969, pp.570-573

D, A, MAMATKAZIN
(Moscow)
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The problem of motion of an interceptor spacecraft along a three-dimensional trajectory
in a central gravitational field is considered ; this trajectory is the mapping in the invo-
lute plane of the shape, dimensions, and orientation of the Keplerian orbit of the target
spacecraft, Control laws which yield analytical solutions of the encounter problem are
chosen. The active spacecraft is referred to as the "in-
terceptor”, the passive spacecraft as the "target",

1, The motion of the interceptor under the control-
ling acceleration W applied to its center of mass 0, is
described by equations in the rotating right~hand ortho-~
gonal coordinate system Ozyz whose y-axis coincides
with the radius vector constructed from the attracting
center O to the point 0,, and whose z-axis coincides
with the direction of motion in such a way that the vec-
tor of the absolute velocity of the interceptor's center
of mass lies in the zy-plane. The orientation of the

Fig. 1 axes ryz relative to the inertial coordinates is defined
(see Fig. 1) by the longitude Q of the ascending node,
the inclination i of the instantaneous orbital plane to the equator, and the range angle
u. The equations of motion of the center of mass of the interceptor are

Vi =Wy + 0,Vy, V=W, — o, .—g (1.1)
O=W,+ oV, 0,=—V_/r g=g R/ 1)

The rates of change of the angles defining the orientation of the rotating axes relative
to the inertial axes are given by the differential equations
dQ sinu  di u .
=% sn 7t = Wy COS U, :ﬁ—_——mz——mysmuctgi (1.2)
We shall make our choice of the control law for the motion of the center of mass of
the interceptor subject to the conditions of integrability of equations of motion (1. 1),
(1.2); moreover, we shall restrict its choice to the class of functions in which the con-
trol constants ensuring convergence of the spacecraft can be determined with sufficient



